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1. INTRODUCTION

Muckenhoupt in [4] studied Poisson integrals for Laguerre polynomial
expansions. He considered the Poisson integral A( f)(r, x) of a function
f e L?(z* exp(—z)), « > — 1, defined by

A(f)(r,x)=A(f;r,x)= jow K(r, x,z) f(z) z*exp(—z) dz, O<r<l
1)

with the Poisson kernel

i r'"n! o "
K(r,x,z)= nZ::o m Ly (x) L;(2)

_ (rxz)~2 exp < —r(x+z)> I <2(rxz)§)

1—r 1—r 1—r
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where L] is the nth Laguerre polynomial and 7, is the modified Bessel
function [3],

0 a+2n

S
L(s) = .
() ,,; 257 T(a+n+1)

Muckenhoupt proved in [4] that if f € L?(z* exp(—z)), then

@ N4Cf5r9)l, <1l < p <o,

) [14(f5r,- )= f()l,»0asr—1"for 1< p<oo,

(¢) lim,_,- A(f;r, x) = f(x) almost everywhere in [0, 00), 1 < p < c0.
The symbol | f||, is used here to denote the pth norm of a function f
defined on R, = [0, +00) with respect to the measure z* exp(—z) dz.

Reference [4] also considered the Poisson integral of a function
f € L?(exp(—z?)) for Hermite expansions defined by

B )(rx)=B(fir.x)=[" P(r.x2) f@)exp (=2 dz  0<r<l,

where

o0 nH H

1 . p<—r2x2+2rxz—r222>
= X
Jr(1=r?) 1—r?

and H, is the nth Hermite polynomial. Muckenhoupt obtained the follow-
ing result: If f € L?(exp(—z?)), then

@ NBCfsr )M, <1l 1 <p<oo,
() IB(f;r,-)—f()l,=>0asr—1"for 1 <p<oo,
(¢) lim,_,- B(f;r, x)= f(x) almost everywhere, 1 < p < o0,

where || /||, denotes the norm in L?(exp(—z?)) of a function f defined on R.

This note contains some estimates of the rate of convergence of the
Poisson integrals A( /), B(f). We state these estimates using the moduli of
continuity, severally for A(f) and B(f). We believe that the direct cal-
culations in the case of the Hermite polynomials are more useful than those
obtained via the formulas connecting the Hermite and Laguerre polyno-
mials. We prove also the Voronovskaya type theorem (see [1]) for oper-
ators A( f) and B(f) and we indicate boundary value problems related to
these operators.
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2. AUXILIARY RESULTS

In this section we shall give some properties of the above operators,
which we shall apply to the proofs of the main theorems.
First we prove

LemmA 2.1. For each x € R, we have
A(L;r,x)=1,
A(zyr,x)=(a+1)(1—7r)+rx,
A(Z5 1, x) = r*x* + (e +2)(r— D((e+ 1) (r—1) —2rx),
Az r, x) =r*x*=3(a+3) r*x? 4+ 3(a+3)(a+2) r’x
—(a+3)(a+2)(a+1) r*+3(a+3) rx?
—6(o+3)(a+2) r’x+3(a+3)(a+2)(a+ 1) 7*
+3(a+3)(a+2) rx—3(a+3)(a+2)(a+1) r
+(a+3)(a+2)(a+1),
A(zY 1, x) =r'x* —4(a+4) r'x*+6(a+4) (e +3) r'x?
—4(a+4)(a+3)(o+2) rix+ (a+4)(a+3)(a+2)(a+1) r*
+4(a+4) r*x® —12(a+4)(a+3) r’x?
F12(a+4)(a+3)(@+2) rix—d(a+4) o+ 3)(oa+2)(a+1)
+6(a+4)(a+3) r’x?—12(a+4)(a+3)(a+2) r’x
+6(x+4)(a+3)(a+2)(a+1) 72+ (a+4) (a4 3)(a+2)(a+1)
+ 4+ 4) (o4 3) (o4 2) rx— o+ 4)(a+3)(a+2)(a+1) 7.
Proof. Using the definition of L] we get

- I“(n+oc+1)' n!
o I'(k+a+1) (n—k)!

Zn

(=D*Li(2).

k

Since [4]
fw K(r, x,z) L%(z) z*exp(—z) dz = r"L}(x)
0
and

Jw K(r, x,z) z*exp(—z)dz =1, 2

0
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we obtain, from (1) and by eclementary calculations, the assertion of
Lemma 2.1.
Analogously, by the definition of H, we have

g L) (1) a0

k=0 F(k+%)
and
2n+1 _ ) I '
: kgo F(k-}-%) <k>22k+1 uer1(2)
Using [4]

j " P(r, x, 2) H,(z) exp(—z%) dz = r"H, (),

j © P(r, x, 2) exp(—z%) dz = 1,

we can prove
LemMMmA 2.2. For each x € R we have
B(l;r,x)=1,
B(z; r, x) =rx,
B(z% r, x) =r’x*+5(1-7r?),
B(z% 1, x) = =3 rix+r’x +3rx,
B(z*r, x) =3 r*=3r'x*+r'x* =3 r?+ 3r’x?+3.

Applying Lemma 2.1 and Lemma 2.2 it is easy to prove the following
two lemmas.

LemMA 2.3. For each x € R, the following equalities hold
A(z—x;r,x)=(1—=r)(1+a—x),

A((z—x)%5r,x)=1—r){x*1—r)+2(a+2) rx—2(ax+1) x
+(a+2)(a+1)(1—r)},

A(z—x)5r,x)=1—r)* {x"(r—1)*—4a(r—1)> x> —4(4r*—=5r+1)
+6(a+4)(a+3) r’x?—12(a+3)(a+2) rx*
+6(x+2)(a+1) x>—12(a+3)(x+2)(r—1) x
+(a+4) (o +3) (o +2) (o + 1)(r—1)%}.
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LemMMA 2.4. For each x € R
B(z—x;r,x) = —x(1-r),
B((z—x)% 1, x) = (1=n{x*(1-r)+; (r+ )},
B(z=x)% 1, %) = (1=r) {(r—1)> x*=3(*— 1) X’ +3 (r+ 1)}
holds.

The above lemmas yield immediately Lemma 2.5 and Lemma 2.6.

LemmA 2.5. For every fixed x € R, we have

1
lim 1—A(z x, r,x)=140a—x,
r—1" —

lim %A((Z x)%r, x)=2x,

r—>1"

1 4,
rlir?* a- )ZA((Z x)*%r, x) = 12x2

LemMMA 2.6. For every fixed x € R it holds

1
lim I_B(Z X, r, X) = —X,

r>1"

lim ILB((Z x4 x)=1,

r>1"

rl_i’r? - ! pe —— B((z—x)% r,x) =3.

3. RATE OF CONVERGENCE

In this part we shall state some estimates of the rate of convergence of
the integrals A( f) and B(f). We shall use the classical modulus of conti-
nuity defined by

o(f.0)= sup |f(x+0—f (),

xeQ

where Q = R, or Q = R, respectively.
We shall apply the method used in [1, 2].
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THEOREM 3.7. Let f e C(R,) N L?(z* exp(—2z)). Then

|ACf5 7, x) = f(x)]
<30(f, /(L =r)((x*+ a2 +3a+2)(1—r) +2x((@+2) r—a—1)))

forO<r<1landx>=0.

Proof. First we suppose that f is continuously differentiable on
[0, +00). We have

f@=1G)+[ [ de.

Hence, from (2), Lemma 2.3, and from the Holder inequality, we obtain
ACS: 7, %)= ()

- UOOO K(r, x,2) z* exp(=2)(f(2) ~ () dz

<[ K%, 2) 2 exp(=2) 1 (2) — f ()] d=

< sup [f'(2)| ro K(r, x, z) z* exp(—z) |z—x| dz
[0, +0) 0
< sup 1) (Algs 1, x)* (A(L; 7, %)

= sup |f'(2)]
[0, +0)

x\/(l—r)((x2+oc2+3<x+2)(1—r)+2x((<x+2) r—oa—1))

for 0 <r <1, x>0, where ¢(z) = (z—x)>.
Let f € C(R,) n L?(z* exp(—z)). We have

FO= i =5[ (F-fGet ) e

F309) =5 L/ (x+0) = (9],
where

1 o
f,;(x)zgj0 f(x+1)dr, >0, x>0.
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This implies that f; is continuously differentiable on [0, +00). Moreover

sup /)= fI<o(f.9),  sup If5@I<6 (/.9 3)

Observe that

lACSs 1, %)= fN<S|ACS = fo3 1, )+ Af55 7, %) = f5(0] + | f5(x) = f (%)
From (3) and the first part of this proof we get
|A(f5; 7, X)— f5(x)]
<o 'o(f, d)
x /(1 =) (x> 4+ 02430+ 2)(1 =) + 2x((x+2) r —a—1)).

By (3) we have
lACS = fssro O < A(S = fols . %) < Sup. I/ (2) = f5(2)| < w(f, 9),
Ifs(x) = f(x)| S (f, 9).
Hence
1ACf5 7, x) = f(x)]

<20(f, )+ 50(1,0)

x /(1 =) (> 402+ 30+ 2)(1 =) +2x((2+2) r—o— 1))

forO<r<1,x>0and d>0.

Setting 6 =./(1—r)((x*+o?+3a+2)(1—r)+2x((@+2) r—a—1)) we
obtain the assertion of Theorem 3.7.

Similarly we can prove the following theorem for the operator B( f).

TuEOREM 3.8. Let f € C(R) n L?(exp(—z2)). Then

IB(f; 7, x)— f(0) < 30(f, /A =1)G (r+ 1) +x*(1—1)))

forO<r<landxeR.
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4. THE VORONOVSKAYA TYPE THEOREMS

THEOREM 4.9. Let x€ [0, +0). If f e C(R,) n L?(z*exp(—=z)), f is of
the class C' in a certain neighbourhood of a point x, and f"(x) exists, then

1
lim — [A(fir. )= f] = (+a=x) @D +x/"(). @

Proof. Let
f@=f@)=C=0) f@ =3 D=0
w(z, x) _ (z—x)2 ' (5)
0 for z=x.

By assumption we have

lim ¥(z, x) = 0

zZoX

and the function ¥ is continuous on [0, +00) as a function of z only.
From (1), (5), and Lemma 2.1 we get

A(f(2); 1, x)— f(x) = ['(x) A(z—x; 1, X) +5 ["(x) A(z—x)*; 1, X)
+AW(z, x)(z—x)% 1, X). 6)

Using the Holder inequality we obtain
AW (z, )z =2)% 1, )| < (AW (2 )51, ) (A(GE=x)5 1 x5 (])
Moreover, the function ¢(z, x) := y/*(z, x), z > 0 is such that

lim ¢(z,x)=0

zZoXx

and ¢ € L°(z* exp(—z)) for some s> 1. From this and in view of Theorem
3.7 we get

lim A(W*(z, x);r, x) = lim A(g(z, x);r, x) = ¢(x, x) = 0. ®)
r>1" r—1"
Using (8) and Lemma 2.5 we obtain from (7)

lil’{li % AW (z, x)(z—x)%r, x) =0. )
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Now, from (6), (9), and Lemma 2.5 we get

lim <1 [A(f 7, )~ ()] = (1+a—x) [0+ /"0,

ro1-

This ends the proof of (4).

In a similar fashion, using Theorem 3.8 we can prove the following
Voronovskaya theorem for operator B( f).

THEOREM 4.10. Let xe R. If f € C(R) n L?(exp(—z2)), f is of the class
C' in a certain neighbourhood of a point x, and f"(x) exists, then

1 1
lim — [B(f;r, )= f(x)] = —xf'(x)+5 f(x).

5. BOUNDARY VALUE PROBLEMS

In this section we indicate boundary value problems related to the ope-
rators A( f) and B(f).

THEOREM 5.11. If f € L?(z* exp(—z)), then A(f) is of the class C*® in
the set D={(r,x):0<r<1, x>0} and A(f) is a solution of the heat-
diffusion equation

0

r

ou(r, x) Ou(r,x) = 0%u(r,x)
ar +(1+a—x) 3 +x EE

in D.
Proof. Let0<p, <p,<1and0<C, <C,. Consider the set
D(py, 3, C1, Co) ={(r, x): py <1 < p;, C; <x < C,}.

Let n,me N. Applying the induction and the following formula [3,
p- 30]

L) =)

we note that the integral

© an+m

o Or"ox™

K(r, x,z) f(z) z*exp(—2z) dz (10)
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is a linear combination of integrals of the form

fw ZPrix#(1—r)” exp ( Ttz ><2 rxz)f

l—r 1—r
x I, <2 1‘_rfz> f(2) z* exp(—z) dz,

wheret>a, 20,y u,ve R.
By induction we have

2% F(v+k+1) = T'(v+1)(2k)!

for ke N and v > —3. Hence

1 z\"
17,(z)| < To+1) <§> exp z

for v> —j and z > 0. Thus, by the formula [3, p. 29]
2(t+1)

z

I.[(Z) = Ir+1(Z)+I‘t+2(Z)

we have
Z T
|I.(2)] < K, <§> exp 2z

for every 7 > a > —1 and z > 0, where K is a positive constant.

Hence
© 2 -7
=7 £
o _

r 1—r

<2 1‘ rxz) f(2) z* exp(—z) dz

—r

x I

T

<K, L:O exp(—az+b ﬁ ) 2P |f(2)| z* exp(—z) dz

for (r, x) € D(p,, p,, C, C,), where a, b, and K, are positive constants.
By the Holder inequality we get

jow 2P exp(—az+b \/2) | f(2)| z* exp(—z) dz

< ( [z exp(-agz+bq /z—2) dz>" 11,
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where 7+ = 1. This implies that

Uoo Pkl —r) exp < _r(x+z) ><2 rxz>r
0 1—7‘ l_r

1. <21V m) £(2) 2% exp(—z) dz

—r

<K, <f0°° 29+ exp(—aqz +bq \/z—z) dz>"’ I£1,

for (I", x) € D(pl’ P2> Cl’ CZ)’
Observe that the integral

foo 2%+ exp(—aqz+bq ﬁ—z) dz
0

is convergent, hence the integral (10) is uniformly convergent on
D(p,, p,, C;, C,). This implies that

afam K(r, x,2) f(2) z* exp(—2) dz
w grtm
_J o —=— K(r, x, z) f(2) z" exp(—z) dz.

Consequently, the function A( f) is of class C* in D.
It is easy to verify that

. 0K (r, x, z) 0K (r, x, z) 82K(r X, z)

or +(14+a—x) o pe =0

in D for every z € (0, +00). This completes the proof of Theorem 5.11.

CoROLLARY 5.12. If f e L?(z*exp(—z)), then the function A(f) is a
solution of the problem

ou(r, x)
r

5u(r x) 0%u(r, x)
+x
or

0x?

+(1+a—x) =0 inD,

lim wu(r, x) = f(x) almost everywhere in [0, +00).
r->1"
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CoroLLARY 5.13. If feC(R,)n L?(z*exp(—z)), then the function
A(f) is a solution of the problem

Ou(r, x) N 0u(r, x)
Ox T

lir?i u(r, x) = f(x), x € [0, +00).

+(14+a—x)

r —8u(r, X) 0 in D,
or

For B( f') we obtain similar results:

THEOREM 5.14. If f € L?(exp(—z)?), then B(f) is of the class C* in the
set D={(r,x):0<r<1, xeR}and B(f) is a solution of the equation

ou(r, x) ou(r, x) 0%u(r, x)
2 -2 =
"o T ox + ox? 0
in D.

COROLLARY 5.15. If f e LP(exp(—z?)), then the function B(f) is a
solution of the problem

ou(r, x) ou(r, x)  0’u(r,x)
2r or —2x 0x + ox>

0 in D,
lim u(r, x) = f(x) almost everywhere.
r—>17
COROLLARY 5.16. If f € C(R) n L?(exp(—z)?), then the function B(f)

is a solution of the problem

5 ou(r, x)_2 ou(r, x)  0’u(r,x)
T T ox oxr

lim u(r, x) = f(x), xeR.
r-1"

0 in D,
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